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Experimental and Theoretical Study for Nonlinear
Aeroelastic Behavior of a Flexible Rotor Blade

D. M. Tang* and E. H. Dowellt
Duke University, Durham, North Carolina 27706

The purpose of this paper is to study the flutter instability and forced response of a nonrotating flexible rotor
blade model with a geometrical structural nonlinearity and a freeplay structural nonlinearity. The ONERA stall
aerodynamic model is used. External excitations are provided by base harmonic excitations in the pitch angle
and the chordwise direction, respectively. Two cases are considered in this paper. Case A is for a nonlinear blade
structure with an unstalled unsteady aerodynamic model. Case B is for the nonlinear blade structure with a large
effective mean angle of attack. The effects of the structural and aerodynamic nonlinearities and initial
disturbance on instability and forced response behavior are discussed. A wind-tunnel test has also been carried
out in the Duke University low-speed wind tunnel. The wind-tunnel tests show generally good agreement
between theory and experiment for both static and dynamic behavior. Although the mathematical and experi-
mental model of the nonrotating blade is different from the operational rotating hingeless rotor blade, the
results from the experimental-theoretical correlation study provide fundamental understanding of the nonlinear
aeroelastic behavior for a flexural-flexural-torsional hingeless rotor blade.

Nomenclature
ay = blade section linear lift curve slope
b = blade semichord, ¢/2
b =b/R
Cq = section drag coefficient
C = section lift coefficient
Cn = section pitch moment coefficient
c = blade chord
¢ = dimensionless blade chord
dD, dL = section drag and lift forces

dF,, dF,, = section lag and flap component forces

dM, = gection pitch moment about elastic axis
dM, = section pitch moment about quarter chord
E = modulus of elasticity

e = mass centroid of blade section from the elastic axis
G = shear modulus

g = gravitational constant

I, L, = flap, chordwise area moments

J = torsional stiffness constant

K, = blade mass radius of gyration

Ky = linear torsional spring constant

k = reduced frequency, bw/U

m = mass per unit length of the blade

N = total number of modes '

NN = number of aecrodynamic elements

R = rotor radius

t = time

t, =b/U

U = freestream velocity

V;, W; = generalized coordinates for bending

v = chordwise bending deflection, also called lag

Vp = base excitation amplitude in chordwise direction
v, = chordwise deflection at the blade tip

w = flap bending deflection, perpendicular to v

w, = flap deflection at the blade tip

x = position coordinate along blade span

yﬂC

= aerodynamic center of section from elastic axis
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« = blade section angle of attack

A = dimensionless width of /th aerodynamic section
0. = base excitation amplitude in pitch angle
6o = initial pitch angle

[ = amplitude ratio of ¢, to ¢,

p = air density

T = reduced time, tU/b

®; = generalized coordinates for torsion

¢ = twist about deformed elastic axis

b, = magnitude of dead space in pitch

ér = limit cycle amplitude in pitch

b = static deviation pitch angle

b, = pitch angle at the blade root

&b = pitch angle at the blade tip, ¢; = ¢, + ¢,
bre = elastic twist at the blade tip

o\ = inflow angle

Wy = jth torsional natural frequency of blade
Wy = jth lag natural frequency of blade

Wy = jth flap natural frequency of blade

() =d( )/dx

") =d( )/d¢

Introduction

HE Hodges-Dowell elastic blade equations! provide a
nonlinear theory of hingeless rotor blade dynamics. The
Princeton beam data? are regarded as a benchmark for evalu-
ating the aforementioned nonlinear beam theory and other
subsequent theories. A comparison of the experimental data
with the Hodges-Dowell theory validates the theory only for
small and moderate bending deflections compared with the
beam span. In subsequent developments, several investigators
modified and improved the nonlinear beam equations that
were validated by static and vibration experiments and also
stability tests based on model rotor blades.3-12
The principal stability problems associated with isolated
hingeless or bearingless rotors in hover and forward flight are
the coupled flap-lag and flap-lag-torsional instabilities for
both rigid and elastic rotor blades. The Hodges-Dowell equa-
tions indicate that there is an important structural effect on
rotor blade stability due to the nonlinear coupling between
elastic flap and chordwise bending and torsion. Reference 13
presented a valuable assessment of the state of the art in
aeroelastic stability of the hingeless rotor blades. It is evident
from this survey that incorporation of geometrically nonlinear
terms in both aeroelastic stability and response analysis prob-
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lems has become fairly routine. Moreover, it was asserted that
substantial improvements in the aerodynamic model will be
much more important than incorporation of higher order
geometrically nonlinear terms for the structural model. There-
fore, in this study, we retain the essential geometrically nonlin-
ear structural terms from the Hodges-Dowell equations and
use the ONERA nonlinear aerodynamic model. In addition to
the geometrically nonlinear terms, the freeplay structural non-
linearity of the torsional stiffness due to a loose hinge or
linkage of a control system or possible joint slippage in the
helicopter control system is also included. The external excita-
tions come from the base harmonic excitations in the pitch
angle and the chordwise direction, respectively. Although the
mathematical model of the nonrotating blade is different from
the operational hingeless rotor blade, the results from the
experimental-theoretical correlation study will provide funda-
mental understanding of the nonlinear aeroelastic behavior
for a flexural-flexural-torsional hingeless rotor blade.

Two cases are considered in this paper. Case A is for a
nonlinear blade structure with an unstalled unsteady aerody-
namic model. Case B is for the nonlinear blade structure with
a large effective mean angle of attack and the full ONERA
nonlinear aerodynamic model. For the nonlinear stability
analysis in case A, a set of first-order perturbation equations
in the state vector space is formed and solved as an eigenvalue
problem for a linearization of the pitch stiffness. The limit
cycle oscillation of the nonlinear system is predicted by a
certain analysis scheme. For case B, a direct time integration is
used to obtain a time history response solution and to compare
with the experimental results. The effects of the structural and
aerodynamic nonlinearities and initial disturbance on instabil-
ity and forced response behavior are discussed. Comparisons
of the results for the two cases are helpful in understanding
physically the nonlinear aeroelastic phenomena.

A wind-tunnel test has also been carried out in the Duke
University low-speed wind tunnel. The experimental model
includes two parts: a slender cantilever blade and a root sup-
port mechanism. The root support mechanism allows a change
in the constraint condition at the support of the pitch spring to
obtain the freeplay nonlinear characteristics of the pitch
spring as well as to excite the pitch direction motion. Two
blade models are used in the experimental investigation. One
has a high critical flutter speed for the static deformation
study, called model I. The other has a lower critical flutter
speed for the dynamic motion study, called model II. The
experimental technique used in the present paper is an exten-
sion of those described in Ref. 14. The wind-tunnel tests show
generally good agreement between theory and experiment for
both static and dynamic behavior.

Equations of Motion

The present study is based on a consistently derived system
of equations of motion for an elastic hingeless blade model
under base harmonic excition in pitch angle or lateral direction
for a nonrotating blade as shown in Fig. 1. According to the
Hodges-Dowell equations,! for a nonrotating uniform, un-
twisted elastic blade, neglecting cross-sectional warping, the
equations of motion may be written as

dr,

ELy™ + (ELL, — EL) oW ")" +mV + vy = + e (1)

&

. . dF,
ELw "™ +EL~EL)@V )" +m +med+Wng =— + fy,

dx
@

K,[9(0, 1) — 0]
Mk = Kq&(d’p - qba)
K¢(¢p - ¢a) + K¢[¢(0, t) - 0]

elastic axis

aerodynamic axis

Yy
le— ¥ 9
8o -y
# = 0, coswt
Fig. 1 Physical representation of flexible rotor blade.
—~GJo” + (EL — EIY)W"v " + mK%d + mew + M,
dM,

==+ my, @A)

dx

Note that in Eqs. (1-3) only the most important nonlinear
terms are retained from the Hodges-Dowell equations and the
third and higher order geometrically nonlinear terms are ne-
glected here. Also note that ¢ is measured with respect to the
deformed elastic axis. For the blade structure with a pitch
spring at the root, the torsional motion ¢ includes elastic
torsional deformation along the blade span and pitch motion
at the blade root.

The vertical longitudinal displacement of the blade is

w=—Ye (o[ P+ (w'P) dx
Hence, the gravitational elastic potential energy of the blade is
Vi = — vamg [\ {71072 + ()% dx dx |
and the potential energy from the root spring motion is

Vi = BK, 60, 1) - 61

The base excitation in the pitch angle and chordwise direc-
tion are represented as

# = 6.cos wt
Vp = VpCOS wi

Thus, the incremental kinetic energy corresponding to vari-
ables w, v, and ¢ due to the base motion is

Ty =m || (b0, + ewb + K2$6) dx

From V,,, Vi, and T, the restoring stiffness terms v,,,
Wng, and M, and the inertial excitation forces and moment
Sov» fow, and m,, may be deduced by variational methods.

In Eq. (3), M, is a linear or nonlinear restoring moment that
depends on the support conditions of the pitch spring in the
experimental model. For the nonlinear freeplay restoring mo-
ments vs rotation with a preload (see Fig. 2 of Ref. 15), the
moment-rotation relationships can be expressed as

[0, £) — 61 <(¢p — ba)
(6p — ¢2) = [0, 1) — 0] = (¢ — b0) ‘ “@

otherwise
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The v and w components of the aerodynamic forces and the
aerodynamic moment about the elastic axis (see Fig. 1) can be
expressed as follows:

dF, =dL — (¢\ — 0p)dD
dF, = —dD — (¢x — Gp)dL &)
dM, = dMy — y,dF,,
where
dL = YapcUC; dx
dD = YapcU*Cy dx
dMy = YapcU?C,, dx
o= W/ (U + v + wog)
a=¢+0p— ¢

For the ONERA acrodynamic model, the lift, drag, and
moment coefficients of each blade section in the differential
equations are described in terms of a reduced time (d/dr, 7=
Ut/b). This time scale is not convenient for the dynamic
analysis of the blade, however. A more conventional differen-
tial operator relative to the real time d/dt is used in this paper
for comparison with the experimental data. This is given by

The final form of the ONERA model used for this study
incorporates all terms needed such that they fit the well-known
theoretical Theodorsen coefficients within the linear small
angle of attack domain of rotor blade operation:

C,=Cyu+Cy ©)
Cy = 15,0+ t7ky b + Cpy )
trczy + )‘zczy = NA(apzcx + t%“z‘b) + o (2, a0, 0 + trzaz‘}s) ®

t2Cy, + 2t,dwCy + wi(1 + dHCy

= —w2(1+ d2)<ACz +t,e IAC; d) Q)
da
where C, represents either the relevant nondimensional lift
force coefficient C;, drag coefficient C,, and/or the pitch
moment coefficient C,,. For the coefficients associated with
Egs. (6-9), see Refs. 16 and 17. The moment is taken about
the rotor blade quarter chord.

The ONERA dynamic stall model is based on a blade airfoil
element. Here, it is applied to a blade motion problem. A
simple assumption is that the blade is divided into several
spanwise aerodynamic sections, say NN, and the ONERA
model is applied to each section. For the /th blade section, the
variables Cj;, Cp, . . . , o, and ¢, should have a subscript / in
Eqgs. (5-9).

In Egs. (1-3), expansions in general mode shape functions
are used to obtain ordinary differential equations in terms of
generalized coordinates. They are expressed in series form as
follows:

b
Mz

Vit (%)
i=1
N
W= E Wi (%) (10)
=
N
E 8;(10;(®)

j=1

where (7) indicates nondimensionalization with respect to the
blade span R, and ¢; and ©; are the jth normal modes of the
associated linear problem.

Substituting Eq. (10) into Egs. (1-3), and using the Galerkin
method, one obtains

N
)> [a,,(V + W V) - DyV; +5):K,k,c1> Wk]

AN
= —PIEA1¢i1[Cd1 + (¢n1 — 00)Cyy] + A;w?Vpecos ot (11)
-1

N N
Y| 8 + W)~ Eyé; —DyW + B Y I<jki(1’ij:|
k=1

j=11L1L

NN
P L A[Cy — ($r1 — 80)Ca] + A;w?26,cos wt (12)
=1

=

N
Bjj(K%n¢j + f(fnwijéj) =+ E'JIWI + 6 EK,J](V}W/C]
k=1

-
[
—

’ N NN
+ 6Keb,< E ‘IJjbj - 0) = péEAleil { le - )_’ac[cll
j=1 I=1
= (& — 80)Cal} + w?K2B;0.cos wt a3

where i =1, 2,..., N, & is the describing function for the
freeplay nonlinearity,'* §;; is the Kronecker delta, and the
other coefficients are available from the authors upon request.

Experiments

All flutter and forced response tests were performed in the
Duke University low-speed wind tunnel. The wind-tunnel test
model and measurement system used in this study are similar
to those used in Ref. 14. The wind tunnel is a closed-circuit
tunnel with a test section of 2.3 x 1.75 ft? and a length of 5 ft.
The maximum airspeed attainable is 293 ft/s.

The experimental model includes two parts: a blade section
and a root support mechanism. The blade is rectangular,
untwisted, and flexible in. the flap, lag, and torsional direc-
tions. The blade is constructed from an aluminum alloy spar
with mass per umit length uniformly distributed along the
blade span and eight rigid light wood styrofoam fairing ele-
ments covering the entire chord and span that provide the
aerodynamic contour of the blade. Each element is attached to
the spar independently so that the stiffness of the spars would
not be altered. The gap between two neighboring elements is
covered by a piece of adhesive tape that allows the blade to be
flexible in both the bending and torsional directions.

There are two experimental models with different parame-
ters and boundary conditions at the blade root, called model I
and model II. Model I is fully clamped at the root and has the
higher flutter critical speed. This model is used to study non-
linear static deflections. Differing from model I, model II is
constrained by a pitch spring at the root and has the lower
flutter critical speed. This latter model is for investigation of
nonlinear dynamic behavior.

The root mechanism is mounted to a very heavy support
frame that is attached to the ground. The root support mech-
anism allows the blade to have pitch motion degrees of free-
dom without flap and lag motion at the root. The pitch axis of
the blade is supported on upper and lower bearings in a blade
root socket and is free to move in the pitch direction. The
pitch spring uses a steel wire spring material. The steel wire is
inserted tightly into a slot of the blade root socket. According
to the different constraint condition at the support of the pitch
spring in the experimental model, two different pitch stiffness
characteristics were obtained. When the support at the end of
the pitch spring is allowed to have rotation and slip motions
without transverse motion, the linear pitch stiffness is ob-
tained. When the support point has a transverse gap, the
freeplay structural nonlinearity is obtained, and the magni-
tude of the dead space can be adjusted. The natural frequency
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of the pitch motion can be adjusted by moving the support
position of the pitch spring (wire spring). The effective mean
pitch angle 6, can be adjusted by rotating the root support
mechanism. The pitch excitation is driven using an electric
motor with variable speed through a cam. The driving fre-
quency and amplitude can be adjusted.

Two axial gauges (flap and lag) for bending modes and a
45-deg gauge for torsional modes were glued to the spar to
measure the bending-torsional deflections of the blade tip.
Signals from the strain gauges were conditioned and amplified
before their measurement through a gauge conditioner and a
low-pass filter. The positions of the strain gauges along the
blade span are 7= 0.04 and 0.29 for bending modes and
7=0.08 and 0.33 for torsional modes. The pitch angular
displacement is also measured by a rotational velocity/dis-
placement transducer (RVDT). The pitch and lateral displace-
ment driving frequency and amplitude are measured by the
RVDT, which is mounted to the ends of the pitch driving axis,
and an accelerometer, which is mounted on the shake table.
The output signals from these strain gauges and transducers
were amplified and recorded on a multiple channel tape
recorder or directly recorded on a signal analyzer, SD 380. The
digitized response data may be displayed as a time history or
fast Fourier transform (FFT) and/or power spectral density
(PSD). The digitized time history information is also down-
loaded to the data storage of an IBM pc for plottmg the phase
plane plots and PSD from the digitized time series.

The measurement system calibration was completed before
the wind-tunnel test. The static calibration coefficient is de-
fined as the blade rotation angle ¢ or deflections w and v at the
blade tip, divided by the output voltage of the measurement
system (from the strain gauges or RVDT to the recorder). The
sensitivity of the strain gauge was found to be linear in the
operational range and the calibration factors for the strain
gauge reading were in microinches/inch of strain per volt. The
relationship for strain-tip displacement w; and v; or strain-tip
rotation angle ¢, was determined using a static test. Measure-
ments of the blade tip deflection were obtained using those
relationships and the output voltages from the strain gauges.
For the dynamic test, a strain gauge conditioner was used. The
dynamic calibration coefficients were determined by a ground
vibration test. The latter dynamic calibration assumes that
there is no significant coupling between either of the two
bending directions or torsion. This is a reasonable assumption
for the present test configuration.

Several of the parameters of the experimental model are
obtained by test. The flexible flap, lag, and torsional stiff-
nesses El,, EL,, and GJ of the model are determined from a
static test. The first few natural frequencies and mode shapes
of the blade were calculated using the previous stiffnesses and
measured using a general vibration test (hammer test). Results
from the test were slightly higher than those from the calcula-
tion by about 3-5%. This is probably due to hysteretic behav-
ior of the model blade. The hammer vibration test usually has
a small excitation force and leads to a higher frequency for a
specimen with hysteretic behavior. The inertial parameters of
each element of the blade sections are measured and checked
from the previous test data. The pitch spring constant is

Table 1 Analytic solution procedure

model I model 11

R, in. 19.68 '19.68

¢, in. 3.15 3.15

[4 0.16 0.16
wz, Hz 7.32 10
wy, Hz 39 23.5
GJ, 1b-in.2 0.25 x 104 0.25 x 104
m, 1b/in.2 0.58 x 10—¢ 0.47 x 10—4
K, in. 1.0126 1.149
Ks, Ib-in./rad _— 18.62
Vam -0.05 -0.1
Yac -0.05 -0.05

determined by a static load test. All parameters of the two
models are summarized in Table 1.

A. Eigenvalue Stability Solution for Case A

For the unstalled instability problem of case A, the base
excitation motions are removed, and the aerodynamic forces
and moment coefficients are represented by Eqgs. (7) and (8).
According to the given aerodynamic coefficients, Cy, and C,,,
can be rewritten as '

Cda = Cygp + {550
. . 14
Crna = St + 1,09 + tfkvmﬁb

For the coefficients Cy and oy, see Ref. 16, and for s,,, 0.,
and k,,,, see Ref. 17.

From Egs. (14), (7), and (8), it is found that Cy, and C,,,, are
linear, and C,, is nonlinear in terms of « and &, and also it is
found that C,, and C,,, are explicit functions of « and ¢, but
Cy, is described as a first-order differential equation that also
depends on the position of the aerodynamic element.

The nonlinear structural restoring moment M, in Eq. (3)
can be replaced using an equivalent linearization of the restor-
ing moment K, [#(0, t) — 8], where the equivalent stiffness
K. will be discussed subsequently. For a given K., to solve
the instability problem of the nonlinear equations, Egs.
(11-13), one must first linearize the equations using a pertur-
bation procedure. The perturbation expansions of each vari-
able lead to a set of homogeneous equations.

The static equilibrium equations are

N

N
x [:5ijw%jV0j - Dy;Vy + BkEII(jkiQOjWOk
j=1 =

- pGOaOIC,-,-QOj] = —pA,(Cd() - Oﬁao,)

N

N
)> l:aijw%ijOj — DjjWe; + 5kE Kini®oiVor
j=1 -1

15
- paOICijq)Oj] = pA;0y(Cao + ag)

N N
x [5ij(K 265 + BkEIKijk VoiWor + 0K.b;®y;b;
izt -
+ Pj’acf‘am‘l’o:'] = — pCYecBifo(Cao + aor)

Equations (15) consist of 3N nonlinear algebraic equations
in Vy;, Wy, and ®; that are solved by iteration usmg the
Newton-Raphson method.

The perturbation equations about the static equilibrium
condition may be expressed as a matrix equation of first
order by

s A
M; Myl (Aqy K; KyllAgy

[kjlexs | [k,,la*l]
K __________
K1 = [[kyh*e LTI

where

The matrix [M] has the same form as [K], and
(Agu)T=1. .. AV,AV,AW;AW;A9,A%; . . ]
{Agn) =1 .. AC, ...}

For the coefficients of the matrix [m;]. ..
Ref. 18.

and [k;]. .. see
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The perturbation equation (16) is a set of 6N + NN first-
order differential equations with a like number of eigenvalues.
Of these values, there are 6N roots that are complex conjugate
pairs that represent the aeroelastic configuration (V, W, and

- ®). The other roots are latent aerodynamic roots. The latter

are always stable in this study. When given. an equivalent
stlffness the roots are functions of the airspeed U. The critical
speed-and oscillation frequency can be determined using the
Nyquist criterion. When given a series of K., we will obtain
an instability boundary of U vs K.

Now, let us discuss the equivalent stiffness, K.

Because there is an initial pitch angle 6,, in general the
NACA 0012 airfoil section is subjected to a preload moment
in the freestream velocity field; hence a static angle ¢, exists,
and the torsional stiffness curve is not symmetric. The static
angle is dependent on U, 6y, and the elastic deflection of the
blade. The expression for the static angle is given by

CN
bor.- = LOOW, ¥, 0,0 6 ¢ (1D
j=
where ¢, can be obtained by solving the static nonlinear equa-
tions of Eq. (14).
. The stability problem with freeplay structural nonlinearities
.is often analyzed through application of a linearization tech-
nique, the harmonic balance method or the so-called ‘‘describ-
ing function” approach. For a nonlinear pitch stiffness with
freeplay characteristics, the output waveform is dependent on
the magnitude of the freeplay and the amplitude of .input
displacement. Calculation of the nonlinear spring displace-
ment is usually accomplished through normal mode summa-
" tion. This approach, however, requires prior knowledge of the
- normal mode shapes of the system, which are themselves a
function of the nonlinear pitch stiffness. Therefore, an ampli-
tude-stiffness alignment becomes necessary for this nonlinear
problem. Reference 19 presented an iterative procedure in the
frequency domain to accomplish the amplitude-stiffness align-
ment that is used here.
For the stability problem with a single nonlmear pltch
" spring, the solution procedure of the nonlinear equation is
described as follows.
An equivalent stiffness K, is defined as

5 de = 6K¢s (18)
" From Eq. (16), a relationship between the equivalent stiff-
ness Ky, and the critical speed U is obtained. It is called curve
1. It is well known from Eq. (18) that é is a function of the
amplitude of oscillation as well as freestream velocity. Equa-
tions (16-18) are coupled with each other. Assuming a velocity
- Uy, a-curve 2 of Ky, vs ¢, can be drawn using Egs. (16) and
"(17). Substituting U, into curve 1, an equivalent stiffness K¢e1
is obtained. According to K., a limit cycle amplitude ¢,, is
found from curve 2. Therefore, the value U, with ¢;; is a
solution of the nonlinear equations. Repeating the preceding
process for other U called U; (i =1, 2, 3. ..), a final graph is
drawn of critical speed of instability vs the limit cycle oscilla-
tion amplitude at the root as well as at other spanwise posi-
tions of the blade.

B. 'Time History Response Solution for Case B

The time history response solution is used to study the insta-
bility motion behavior, stall response, and effects of the initial
disturbance at high effective mean angle of attack for case B.
Equations (11-13) are second-order, nonlinear differential
equations in the variables ¥;, W;, and &;, respectively. Two
state variables are required for each jth variable. Equations
(8) and.(9) together represent a third-order system for the lift
coefficient and a second-order system for both drag and pitch
moment coefficients. Thus, seven state variables are required
per aerodynamic section. The total number of state variables
is 6N + 7NN. The following state vector is introduced into
Eqgs. (2-5) and Egs. (11-13), which serves to reduce the system
to.a set of 6N + 7NN first-order differential equations.

Let
q .
{@p) = { ’”} (19)
an
where
(g )T=1[.. . V,V,W,W,$;¥;. . ]
{an}"=1.. -Clbl Civr Cryt Cdbl Capu Cmbl Copi- - -]

The resulting system of the state variable equations is given by

5 5 e
My My gy K; Kyl (gp) (FL)
or
&1 = | Peless_ =_r1%116_*z]
[K] |:[k1117*6 : [kII]7*7
(FYT=L..fio. o fi.]

The matrix [#] has the same form as [K]. For the coefficients
of the matrix [A;]. . . and [k;]. . ., { f;}, and { f;}, see Ref. 18.

The section angle of attack «; and section inflow angle ¢,,
involve the state variables V;, W;, and ®;. Equations (20) is a
set of nonligear differential equations. The solution of the
equations can be obtained by numerical time integration. The
initial values of o; and ¢, are determined by the initial values
of the state variables that then change during the numerical
integration in a time step fashion.

Because of the freeplay structural nonlinearity of the pitch
spring at the root of the blade, the torsional modes ©; are
variable with the torsional vibration. During the time 1ntegra-
tion, only two kinds of pitch spring stiffnesses-can be chosen:
& =0 and 1 from Eq. (13). Therefore, two kinds of torsional
modes corresponding to the preceding pitch boundary condi-
tions can be used during the numerical integration and then
properly chosen in a time step fashion. !

The blade section uses a NACA 0012 airfoil. The static lift
and pitch moment coefficients are identified from the experi-
mental data (Ref. 14) using curve fitting. The following results
are for the blade divided into four equal length strlps with

; = 0.25.

‘h..
Companson of Theory and Expenment
A. Static Deflections :

In this section, the linear and nonlinear static aerodynamic
models are used to calculate static deflections of the blade for
comparison with the éxperimental results for a cantilevered
blade model, model 1. Geometric structural nonlinearities are
included in both-theory and experiment. The initial pitch angle
6y can be adjusted by rotating the root support mechanism.
Measurements of flap and chordwise bending deflection at the
blade tip v, and w;, as well as twist ¢,, have been obtained for
several initial pitch angles and for the freestream velocity
range U = 0-31.2 m/s, which is much lower than the flutter
critical speed U, = 65.5 m/s for model I. The equilibrium
equations based on a linear static aerodynamic model are
represented by Eq. (15). The theoretical results were obtained
by taking three modes for each of flapwise, chordwise, and
twist deflections. The first mode in the resultant deflection is
dominant, The equilibrium equations based on a nonlineat
static aerodynamlc can be derived from Egs. (11-13) when the
dynamic terms are deleted. In these equations, the Cyand C,y
are independent-of the spanwise location of the blade but
dependent on ®;. These are determined by Egs. (21) and (22).
The jth torsional natural frequency for a clamped blade root
is wg;. They consist of 3N + 2 nonlinear algebraic equations in
Vojs Woj» ®g;, and C,s, C,ns, Which are solved by iteration using
the Newton-Raphson method.
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Pre(deg)
0.7
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0.34
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!
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0.0 t t + 4
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8,(deg)

Fig. 2 Static deflections of the twist vs 0y for U = 18.03 and 25.5 m/s.

Typical results for static twist vs 6, for U = 18.03 and 25.5

m/s are shown in Fig. 2. The theoretical and experimental

results are indicated by the thin solid lines (linear aerodynam-
ics), thick solid lines (nonlinear aerodynamics), and the sym-
bol (), respectively. The agreement between theory and test is
substantially improved by the nonlinear aerodynamic theory
as compared with the linear aerodynamic theory, especially in
the range of higher dynamic pressure.

From the comparison of theory and experiment, the follow-
ing results are found.

1) The most sensitive indicator of the difference between
the linear and nonlinear theoretical models is the twist, espe-
cially when large initial pitch angle is considered. The flapwise
and chordwise deflections at the blade tip are nearly linear vs
dynamic pressure for a given initial pitch angle.

2) When 6, is smaller than the static stall angle of attack,
o = 13 deg, the agreement between theory and test is reason-
able and the linear and nonlinear aerodynamic models give the
same results. When 6, is larger than oy, the agreement is
somewhat poorer especially in the range of higher dynamic
pressure. Note that the linear and nonlinear aerodynamic
models give somewhat different results with the latter showing
improved agreement with experiment.

3) From the test we also find that there is an irregular
oscillation around the static equilibrium position that looks
like random motion as 8 = o; and U = 25.5 m/s. This oscilla-
tion exists in three directions. Comparing the random motion
in three directions, the flap motion is dominant. The rms value
is about 0.1 (in.). The motions in the chordwise and twist
directions are quite small. However, this phenomenon does
not occur at small 6,. This oscillation is induced by unsteady
aerodynamic forces when stall occurs. The error bars shown in
Fig. 2 reflect the range of dynamic response.

B. Dynamic Behavior

In this section, the ONERA stall aecrodynamic model is used
to calculate dynamic behavior of the blade for comparison
with the experimental results for model II. The lowest flutter
critical speed is U, = 25.7 m/s for the linear system. The
lowest critical speed is predicted to occur where the root locus
crosses the imaginary axis. The flutter frequency is given by
the imaginary axis crossing. The critical speed is 25.7 m/s and
flutter frequency is 15.8 Hz. The measured flutter speed is
28.51 m/s and the oscillation frequency is 16.25 Hz. The
theoretical results were obtained by taking two modes for each
of the flapwise, chordwise, and twist deflections, rather than
the three used for the static case, to save computer time. The
results still seem well converged based on a few calculations
using three modes. For example, the lowest critical speed is
26.1 m/s from theory using three modes. The difference is
small between the two and three mode results.

Two major issues are discussed here. One is the effect of
geometric structural nonlinearity on the flutter instability and
stall response. Another is the effect of freeplay structural
nonlinearity on dynamic behavior when stall occurs.

1. Effects of Geometric Structural Nonlinearity

The theoretical calculations for instability are based on the
time integration of Eq. (20) when the external forces are
removed. Results are shown in Fig. 3 for comparison of the
flutter behavior with and without geometric structural nonlin-
earity, which are called type 1 and type 0, respectively. Figure
3 indicates the flutter limit ¢ycle amplitude of the twist motion
and equilibrium position at the tip of blade vs flutter critical
speed for 6y =1, 5, and 10 deg. In the figure, the results with
and without geometric structural nonlinearity included are
indicated by the thin solid lines and broken line, respectively.
The symbols of -, o, and o are for =1, 5, and 10 deg,
respectively. The upper boundary of the limit cycle oscillation
is indicated by a symbol LC,and the lower boundary by LC;
in the figure. The following comments can be made.

1) When 6, is smaller, such as §; = 1 deg, both systems are
stable when U < U,. When U = U, both systems tend to a
limit cycle oscillation and the amplitude increases as U in-
creases. As the speed increases up to a certain value, the
motion will be divergent. The divergence speed is U = 25.1
m/s for type 1 and U = 25.35 m/s for type 0. Both systems
have a small range of limit cycle oscillation and the effect of
geometric structural nonlinearity is very small.

2) When 6, is moderate, e.g., 0, =15 deg, the limit cycle
flutter speed is lower than that of the linear system (U, = 25.7
m/s). It is U, = 22.5 m/s for type 1 and 23 m/s for type 0.
We find that there is a smaller limit cycle oscillation range for
type 1, and the divergence speed is 23.2 m/s. However, for the
linear structure (type 0), the limit cycle flutter still exists and
the divergence speed is 23.7 m/s. The dominant reason for the
observed limit cycle is the nonlinear stall aerodynamic model.

3) When 6, is larger, such as 6y = 10 deg, the limit cycle
speed is much lower than that of the linear system. It is
U, =14 m/s for type 1 and 14.2 m/s for type 0. The divergent
speed is U = 16.25 m/s for type 1, and U = 17.3 m/s for type
0. However, the limit cycle amplitude is quite large and not
realistic. For such amplitudes, the structure would almost
assuredly undergo structural failure.

For comparison with the theoretical results, the experimen-
tal results for 6, = 5 deg are also plotted in Fig. 3 as indicated
by the symbol of A. We find a limit cycle flutter oscillation
between U = 20.25 and 22 m/s. (The wind speed is limited to
the latter value due to the large amplitude and safety con-
cerns.) The measured limit cycle flutter speed is lower than the
theoretical result. The experiment, of course, includes geomet-
ric structural nonlinearity, i.e., it is type 1.

The theoretical calculations for the forced response are
based on the perturbation equations (16) when base harmonic

¢t(d8g)
15.0r ‘

12.57
10.0+
7.5¢
5.0t

2.57

22.5 *i 25'.0‘ 27.5

0.0

—R.5+4 ﬁ;

_5'0J.

175 200
Up(m/sec)

.
divergence

Fig. 3 Effects of geometric structural nonlinearity on stability.
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excitations are considered. Thus static nonlinearities are taken
into account, but the dynamic response per se is linearized.
The base harmonic excitations in the pitch angle and chord-
wise direction are generated by a shake table at the root sup-
port (the experimental results are only for excitation in the pitch
angle). The forced response has the following peculiarities.
For base harmonic excitation only in the pitch angle direc-
tion. When 6, is smaller, such as §, = 1 deg, the effects of the
geometric structural nonlinearity can be almost neglected.
When 6, is moderate and larger, e.g., 6, = 5 and 10 deg, the
difference between the linear and nonlinear results is evident,
especially near the natural frequencies. This is because the
effects of geometric nonlinearity come from the larger struc-
tural response and increase as the amplitude increases. The
effects of nonlinearity are beneficial for the response ampli-
tude near the first twist natural frequency due to the twist
increment and then the aerodynamic force increment. The
results of the flap motion are shown in Fig. 4 for 6, = 1 deg,

wy(in)
0.81

Type=0

0.71 . Type=1
L A test

0.61

0.5¢1

0.44

0.3¢

0.2%

0.14

)

0.0
5

Fig. 4 Effects of geometric structural nonlinearity on forced re-
sponse in flap direction for . =1 deg, 6o=5 deg, and U =15.6 m/s.
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Fig.7 FFT plot of pitch response.

6. =1 deg, and U = 15.6 m/s. It is found that the effects of
structural nonlinearity on the frequency are substantially
larger near the chordwise natural frequency for all of 6,. The
reason comes from the coupling of structural elastic and aero-
dynamic forces. Also it is found that, in general, the response
has a periodic characteristic when 6, is less than a certain
moderate value. Aperiodic or chaotic response can be found
when stall occurs. It will be discussed subsequently.

For comparison with the theoretical results, the measured
data for 6, = 5 deg are also plotted in Fig. 4 indicated by the
symbol of A. The larger difference occurs near the first flap
natural frequency. There are no test data near the first twist
natural frequency Q= 17.2-18.3 Hz because the twist response
amplitude was too large and exceeded the given safety struc-
tural constraint in the pitch direction. The measured ampli-
tude is the rms value when the response is aperiodic or chaotic.

A set of typical measured response curves with a compari-
son with the theoretical results are shown in Figs. 5-7 for the
pitch motion at the blade tip. Those figures show the time
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history and phase plane plot for §, = 10 deg, 6. = 0.5 deg,
Q = 14.5 Hz, and U = 10.6 m/s, respectively. In these figures,
a) is the theoretical result and b) is the experimental one.
Corresponding to Fig. 5, the FFT plots are shown in Fig. 7.
The theory is indicated by the symbol ® and experiment by a
solid line. The pitch motion is mostly dominated by the first
mode. The second mode (elastic deflection) motion is quite
small. The agreement between theory and experiment for pitch
is generally better than for lag (chordwise response).

For base harmonic excitation only in the chordwise direc-
tion. When 6, is smaller than a moderate value, the differ-
ence of the chordwise response (not shown) between the linear
and nonlinear results can be neglected. For the linear system
the flap and torsional frequency responses are very small for
base excitation in the chordwise direction, when 6, is smaller
than a moderate value. This is because there is no external

force acting in the chordwise direction. For the nonlinear
system, the flap and torsional responses are evident. These
responses are induced by the geometric nonlinearity and corre-
sponding aerodynamic forces. The results also show that the
dominant response amplitude is near the chordwise natural
frequency for all of the w, ¢, and v response curves. At a
certain excitation frequency, the response of the nonlinear
structure appears to be aperiodic or chaotic for all w, ¢, and
v motions. It is because the structural nonlinearity leads to a
chaotic motion.

2. Effects of Freeplay Structural Nonlinearity

The theoretical calculations of the instability are based on
the time integration of Eqs. (20) and (18) when the external
forces are removed. Figure 8 shows the flutter speed vs limit
cycle flutter amplitude ratio u (u = ¢, /¢,) for the magnitude
of dead space in pitch, ¢, = 1.5 deg, 6, = 0 deg, and type = 1.
In this figure, the theoretical curve is indicated by solid and
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Fig. 10 Phase plane plot of pitch motion for 6o = 0 deg, ¢,(0) =2
deg, and U = 10.5 m/s: a) theory, b) test.
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dash lines. The solid line denotes stable limit cycle vs airspeed,
whereas the dash line denotes unstable limit cycle. The experi-
mental results are indicated by the symbol of A. Also, the
results obtained from the time integration are plotted in the
figure. The symbol of o denotes that the motion tends to a
limit cycle oscillation. The symbols of m and a denote that
the motion is convergent to a static equilibrium position. The
agreement of theory with experiment is good.

An aperiodic oscillation is observed in a narrow airspeed
range and for a certain initial condition. It occurs in an ampli-
tude sensitive region. Figures 9-11 show the aperiodic oscilla-
tion behavior of pitch motion at the blade root for 6, = 0 deg,
¢,(0) = 2 deg, and U = 10.5 m/s. Figures 9 and 10 are the time
history and phase plane plot, respectively. Figure 11 is the
FFT. In these figures, a) is from the theory, and b) is from the
experiment. Also, we find a chaotic oscillation around a rest
position ¢,, = 1.6 deg as shown in Fig. 12. Figure 12 shows
the PSD plot of the ¢, motion with a comparison between
type = 1 and type = 0 for U = 9.5 m/s and ¢,(0) = 2 deg. It is
found that more chaotic motion occurs in the case of type = 1.

The limit cycle oscillation is quite sensitive to the initial
condition and airspeed. As an experimental example of the
system sensitivity to the initial condition, in Fig. 8 there are
two values of u for U = 10.5 m/s, When the initial pitch angle
¢,(0) =1 deg, the motion converges to a static equilibrium
position. When the ¢.(0)> 1.5 deg, the motion tends to a limit
cycle oscillation. Corresponding to the preceding example, the
theoretical prediction also exhibits this feature.

Figure 13 shows the limit cycle flutter amplitude of pitch
motion at the blade root vs the flutter speed for 6, = 5 and 10
deg. The symbol of ® denotes the results from the time integra-
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Fig. 12 PSD plot of pitch motion.
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Fig. 13 Limit cycle flutter amplitude of pitch motion at the blade
root vs flutter speed.
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tion and A from the experiment. The agreement is generally
good; however, no experimental limit cycle was observed for
Ur below 9 m/s. The theoretical calculations for the forced
response are based on Eq. (20) with the external forces in-
cluded. For base excitation in the pitch angle direction, the
forced responses are periodic motions with dominant excita-
tion frequency and higher order frequencies. However, under
certain conditions a chaotic response may be found. Figure 14
shows the PSD plot of the flap motion for 6, = 1 deg, 2 = 4.3
Hz, ¢, =1.5 deg, 6,=5 deg, U =9 m/s, and zero initial
conditions. In this figure, a) is from theory and b) from test.
From the PSD plot, in addition to a component corresponding
to the excitation frequency, 4.3 Hz, there is a strong frequency
component of 11.8 Hz from theory and 11.25 Hz from exper-
iment. This frequency corresponds to the limit cycle flutter
frequency of the freeplay nonlinear system. This component is
dominant in the response. This is a distinct feature for distin-
guishing the chaotic behavior of the freeplay system from that
for linear forced response. This physical phenomenon also has
been observed in the present experiment. The agreement be-
tween theory and experiment is reasonably good.

The comparison of PSD response behavior with and with-
out geometric structural nonlinearity is shown in Fig. 14a. It is
found that there are many harmonic components in the case of
type = 1.

From calculation and experiment, we find that when the
airspeed and preload 6, are lower, the static deviation pitch
angle will be small. The effect of geometric nonlinearity can be
neglected. The freeplay structural nonlinearity is dominant.
When the airspeed and preload 6, are higher, the static devia-
tion pitch angle will be large. The freeplay structural nonlin-
earity is not dominant, and indeed the effect of freeplay can be
neglected.

Concluding Remarks

Concluding remarks from the comparison of theory and
experiment are as follows.



1142 TANG AND DOWELL: AEROELASTIC FLEXIBLE ROTOR BLADE

1) The effects of geometric structural nonlinearity and
aerodynamic nonlinearity on both static deflections and dy-
namic aeroelastic behavior are significant when the initial
pitch angle or angle of attack is large or when stall occurs.

2) The freeplay structural nonlinearity will lead to a bounded
oscillation (periodic, aperiodic, or chaotic motion), and the
initial conditions should be considered as a significant factor.

3) Base excitation in the pitch angle direction can lead to a
not small chordwise response when the initial pitch angle is
large, and the chordwise motion is more complex than the flap
and twist motions. Also, base excitation in the chordwise
direction can lead to a not small flap and twist response when
the initial pitch angle is large.

4) Theory and experiment display similar phenomena, and
the quantitative agreement between theory and experiment is
fair to good.
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